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Our aim in this paper is to deal with Sobolev’s type inequality, Hardy’s type inequality
and Trudinger’s inequality for Riesz potentials of functions in Orlicz spaces of variable
exponent. These results are based on the boundedness of maximal operators and so-called
Hedberg’s trick. Our methods can also be applied to the case of constant exponents with
slight modiﬁcations.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Following Orlicz [30] and Kovácˇik and Rákosník [25], we consider a positive continuous function p(·) on Rn and the
space of all measurable functions f on Rn satisfying




for some λ > 0. We deﬁne the norm on this space by
‖ f ‖p(·) = inf
{
λ > 0:






In recent years, the generalized Lebesgue spaces Lp(·) have attracted more and more attention, in connection with the study
of elasticity, ﬂuid mechanics and differential equations with p(·)-growth; see Ru˚žicˇka [31].
For a locally integrable function f on Rn , we consider the maximal function Mf deﬁned by
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boundedness of Hardy–Littlewood maximal operator in variable exponent Lebesgue spaces. The Hardy–Littlewood maximal
operator is effectively used in many ﬁelds of real analysis.
In classical (constant exponent) Lebesgue spaces, we know the following basic facts about the maximal operator (see the
book by Stein [35, Chapter 1]): if q > 1, then
‖Mf ‖q  C‖ f ‖q
for all f ∈ Lq(Rn). In connection with these classical results, a natural question arises about conditions on p(·) implying the
inequality
‖Mf ‖p(·)  C‖ f ‖p(·)
for f ∈ Lp(·)(Rn). Diening [9] is the ﬁrst who treated the local boundedness of the maximal operator, and Cruz-Uribe,
Fiorenza and Neugebauer [8] showed that this remains true for Rn when p(·) satisﬁes a log-Hölder condition on Rn including
the point at inﬁnity. In this paper we aim to extend their results and the authors [14].





)−ε0ϕ(1/r) is nondecreasing on (0, r0).
For positive nondecreasing functions ϕ and ψ satisfying (P), let us assume that our variable exponent p(·) is a positive
continuous function on Rn satisfying:




p(x) = p+ < ∞;
(p2)
∣∣p(x) − p(y)∣∣ logϕ(1/|x− y|)
log(1/|x− y|) whenever |x− y| < 1/e;
(p3)
∣∣p(x) − p(y)∣∣ logψ(|x|)
log |x| whenever |y| > |x|/2> e/2.
Condition (p3) implies that p(·) has a ﬁnite limit p∞ at inﬁnity and
(p4)
∣∣p(x) − p∞∣∣ logψ(|x|)
log |x| whenever |x| > e.
If f ∈ Lp(·)(Rn), then we ﬁnd for B0 = B(x0, r0) with 0< r0 < 1/e∫
B0
∣∣ f (y)∣∣p(x0)∣∣ f (y)∣∣ logϕ(1/|x0−y|)log(1/|x0−y|) dy < ∞ ⇒ ∫
B0




∣∣ f (y)∣∣p(x0)∣∣ f (y)∣∣− logϕ(1/|x0−y|)log(1/|x0−y|) dy < ∞.
Since the left and right hand sides are considered to be Orlicz-type conditions, the class Lp(·)(Rn) is related to certain Orlicz
spaces. More precisely, see Remarks 2.9–2.11 below.
Now we set
ΦA(x, t) = t p(x)ϕ(t)−A/p(x),










In view of Lemma 2.1(ii) below, we see that ΦA(x, ·) is quasi-increasing on (0,∞), that is, there exists C > 1 such that
ΦA(x, s) CΦA(x, t) whenever 0< s < t and x ∈ Rn. (1.1)
Similarly we see that ΨA(x, ·) and PA(x, ·) satisfy (1.1). We deﬁne the quasi-norm







∣∣ f (x)∣∣/λ)dx 1}
and denote by LPA(·,·)(Rn) the family of all functions f on Rn such that ‖ f ‖PA(·,·) < ∞.




(∣∣ f (y)∣∣)dy < ∞,
where Φ is a convex function on the interval [0,∞) such that Φ(r)/rp is nondecreasing for some p > 1. As an extension
of this fact to the variable exponent case, we ﬁrst aim to establish the following result concerning the boundedness of
maximal operators.
Theorem 1.1. The maximal operator M is bounded from Lp(·)(Rn) to LPA(·,·)(Rn) when A > n.
If ϕ and ψ are constants, then we can take A = 0. Hence our theorem extends the results by D. Cruz-Uribe, A. Fiorenza
and C.J. Neugebauer [8]. Mizuta, Ohno and Shimomura [28, Theorem 2.7] studied the boundedness of maximal functions
on Lp(·)(log L)q(·)(G) when G is a bounded open set in Rn . In Theorem 1.1, we cannot take A < n in general, as will be seen
from Remark 2.11 below.
In his paper [16], P. Hästö studied local integrability of maximal functions for the exponent
p(x) = 1+ a log(e + log(e + δK (x)
−1))
log(e + δK (x)−1) ,
where δK (x) denotes the distance of x from the compact set K in Rn . Further, P. Harjulehto and P. Hästö [17] showed
continuity of Sobolev functions for exponents of the form
p(x) = p0 + a log(e + log(e + δK (x)
−1))
log(e + δK (x)−1) ,
which can be seen as an extension of the fact: if u ∈ W 1,nloc (Rn) satisﬁes∫
Rn
∣∣∇u(x)∣∣n(log(1+ ∣∣∇u(x)∣∣))a dx< ∞
with a > n − 1, then u is continuous on Rn . For further related results, see [13] and [27].
If G is a bounded open set in Rn , then the conclusion of our theorem implies∫
G
∣∣Mf (x)∣∣p(x)ϕ(Mf (x))−A/p(x) dx< ∞
for f ∈ Lp(·)(Rn), which gives the Orlicz-type condition∫
B(x0,r0)
∣∣Mf (x)∣∣p(x0){∣∣Mf (x)∣∣− logϕ(1/|x0−x|)log(1/|x0−x|) ϕ(Mf (x))−A/p(x0)}dx< ∞
for small r0.
To show Theorem 1.1, different from the bounded domain case, we need to discuss a boundedness property for the
Hardy operator deﬁned by




As applications of Theorem 1.1, we discuss Sobolev’s type inequality and Hardy’s type inequality for Riesz potentials of
functions in Orlicz spaces of variable exponent by use of the so-called Hedberg trick (see [23]). Finally we also discuss
Trudinger’s exponential integrability for Riesz potentials of such functions. For the constant exponent case, we refer the
reader to the books by many authors, e.g., Adams and Fournier [1], Adams and Hedberg [2], Edmunds and Evans [11],
Mizuta [26] and Stein [35]. For the case of variable exponents satisfying the so-called log-Hölder condition, there are many
papers, e.g., Almeida and Samko [4], Capone, Cruz-Uribe and Fiorenza [5], Cruz-Uribe, Fiorenza, Martell and Pérez [7], Dien-
ing [10], Edmunds and Rákosník [12], Futamura and Mizuta [13], Futamura, Mizuta and Shimomura [14,15], Mizuta, Ohno
and Shimomura [28], Mizuta and Shimomura [29], Harjulehto and Hästö [17], Harjulehto, Hästö and Koskenoja [18,19], Har-
julehto, Hästö, Koskenoja and Varonen [20], Harjulehto, Hästö and Latvala [21], Harjulehto, Hästö and Pere [22], Kokilashvili
and Samko [24], Samko, Shargorodsky and Vakulov [33] and Samko and Vakulov [34].
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Throughout this paper, let C denote various constants independent of the variables in question.
First we note the following result, which can be derived by condition (P).
Lemma 2.1. (See [26], [27, Lemma 2.1].)





 Cϕ(r) whenever r > 0.
(ii) For δ > 0, r−δϕ(r) is almost decreasing, that is, there exists C > 0 such that
r−δ2 ϕ(r2) Cr
−δ
1 ϕ(r1) whenever r2 > r1 > 0.
(iii) There exists 0< r0 < 1/e such that ω1(r) = logϕ(1/r)/ log(1/r) is nondecreasing on (0, r0]; set ω1(r) = ω1(r0) for r > r0 .
(iv) There exists R0 > e such that ω2(r) = logψ(r)/ log r is nonincreasing on [R0,∞); set ω2(r) = ω2(R0) for 0< r < R0 .
In view of (i) we see that





 Cϕ(r) whenever r > 0.
Recall
ΦA(x, t) = t p(x)ϕ(t)−A/p(x)
for A > n. Setting







∣∣ f (x)∣∣/λ)dx 1},
we denote by LΦA(·,·)(Rn) the family of all functions f on Rn such that ‖ f ‖ΦA(·,·) < ∞. Then we see that ‖ · ‖ΦA(·,·) is a
quasi-norm, that is,
(i) ‖ f ‖ΦA(·,·) = 0 if and only if f = 0,
(ii) ‖kf ‖ΦA(·,·) = |k|‖ f ‖ΦA(·,·) ,
(iii) ‖ f + g‖ΦA(·,·)  C(‖ f ‖ΦA(·,·) + ‖g‖ΦA(·,·))
for f , g ∈ LΦA(·,·)(Rn) and a real number k. The same is true for ‖ · ‖ΨA(·,·) as well as ‖ · ‖ΦA(·,·) .
Example 2.2.
(1) Our typical example of ϕ is
ϕ(r) = a(log r)b(log(log r))c for r  R0
and ϕ(r) = ϕ(R0) for 0 r < R0 if the numbers R0 > e, a > 0, b 0 and c are chosen so that ϕ(r) is nondecreasing on
(0,∞).
(2) For a positive nondecreasing function ϕ satisfying (P), set
ω(r) = logϕ(1/r)
log(1/r)
(0< r  r0 = 1/R0).
Then we see that∣∣ω(s) −ω(t)∣∣ω(|s − t|) for all 0< s, t  r0.
For this, we have only to see that






for s, t > 0 with s + t  r0.
T. Futamura et al. / J. Math. Anal. Appl. 366 (2010) 391–417 395(3) Let K be a compact set in Rn and denote the distance of x from K by δK (x). For ϕ as in the Introduction and p0 > 1,
p(x) = p0 + logϕ(1/δK (x))
log(1/δK (x))
for x near K
can be extended to an exponent satisfying conditions (p1) and (p2).
(4) For p0 > 1 and δ > 0,
p(x) = p0 +
(
1
log(e + log(e + |x|))
)δ
satisﬁes (p1)–(p4) with ϕ and ψ replaced by suitable constants.






whenever r > 0.
We note the following result (cf. [28, Lemma 2.6]).
Lemma 2.3. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f (x) 1 or f (x) = 0 for each x ∈ Rn. Set










F  CG1/p(x)ϕ(G)n/p(x)2 .
Proposition 2.4. Let 0< R < ∞. Then the maximal operator M is bounded from Lp(·)(B(0, R)) to LΦA(·,·)(Rn) when A > n.
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0 outside B(0, R). As in the proof







when A > n.
If |x| 2R , then












Thus the required result is proved. 






)n/p(x)}1/p(x) + Cγ (x) + CH f (x)
whenever |x| e, where γ (x) = |x|−n/p(x)ψ(|x|)n/p2∞ and




Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, R0) and f < 1 on Rn . Then note that
G = 1|B(x, r)|
∫
B(x,r)
f (y)p(y) dy < 1.

































)n/p(x)2  CG1/p(x)ψ(G−1)n/p2∞ .





















f (y)dy  CH f (x),
which completes the proof. 
Lemma 2.6. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, R0), f < 1 on Rn and
G0 = 1|B(0, |x|)|
∫
B(0,|x|)
f (y)p(y) dy  C |x|−δ (2.1)
for some C > 0 and δ > 0 independent of x and f . If 0< β < n, then





)β/p(x)}1/p(x) + C |x|−β/p(x)
for |x| R0 .
T. Futamura et al. / J. Math. Anal. Appl. 366 (2010) 391–417 397Proof. Let f be a nonnegative measurable function on Rn satisfying f = 0 on B(0, R0), f < 1 on Rn and (2.1). For |x| R0,
we have by Hölder’s inequality











= H1 + H2,
where E = {y ∈ Rn \ B(0, R0): |y|−β/p(x)  f (y) < 1}. Note that
H2  C |x|−β .
If y ∈ B(0, |x|) ∩ E , then
f (y)p(x)  f (y)p(y)−ω2(|y|)  f (y)p(y)ψ











Applying Hardy’s inequality, we can prove the following result.
Lemma 2.7. For 1< p0 < ∞,
‖Hg0‖p0  C‖g0‖p0
for all functions g0 ∈ Lp0(Rn).
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Let f be a nonnegative measurable function on Rn such that ‖ f ‖p(·)  1. Write
f = f χ{y: f (y)1} + f χ{y: f (y)<1} = f1 + f2.




























where f ′′ = f2 − f ′ .2 2
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 CMg(x) + CHg(x) + C |x|−β (2.3)





)1/p0  CMg0(x) + CHg0(x) + C |x|−β,
where A = np0 and g0(y) = f (y)p0(y) = g(y)1/p0 . Hence, letting βp0 > n, by Lemma 2.7 and the boundedness of maximal







Thus the proof is completed. 
Remark 2.8. In Theorem 1.1, we can replace PA(x, t) by
min
{
t p(x)ϕ(t)−A/p(x), t p(x)ψ
(
t−1
)−A/p∞} or [min{tϕ(t)−A/p(x)2 , tψ(t−1)−A/p2∞}]p(x).
Remark 2.9. Let p(·) be the variable exponent such that
p(x) = p0 + a log log(c0/|x|)
log(c0/|x|)
for x ∈ B = B(0,1), where a > 0 and c0 > e are chosen so that p(x)  p0 on B and p(x) satisﬁes (p2) with ϕ(r) =






e + f (y)))an/p0 dy < ∞.
















e + f (y)))an/p0 dy
 C + C
∫
B\E
f (y)p(y) dy < ∞.
Remark 2.10. We next consider the converse part of Remark 2.10. Let p(·) be the variable exponent such that
p(x) = p0 − a log log(c0/|x|)
log(c0/|x|)
for x ∈ B, where a > 0 and c0 > e are chosen so that p(x) > 1 on B and p(x) satisﬁes (p2) with ϕ(r) = (log(e + r))a . If f is






e + f (y)))−an/p0 dy < ∞,
then f ∈ Lp(·)(B).
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p(x) =
{





p0 (xn  0)
for x = (x1, . . . , xn) ∈ B, where a > 0. Let
f (y) = χB(y) ×
{ |y|−n/p0(log(e + |y|−1))−1/p0(log log(e + |y|−1))−β (yn < 0),
0 (yn  0)
for βp0 > 1. Then f ∈ Lp(·)(B). Noting that







1+ Mf (x)))−K dx C ∫
Γ
|x|−n(log(e + |x|−1))−1+an/p0−K (log log(e + |x|−1))−βp0 dx






1+ Mf (x)))−K dx = ∞
if −K + an/p0 > 0. This implies that we cannot take A < n in Theorem 1.1, generally.
3. Sobolev’s inequality for Riesz potentials
For 0<α < n, we consider the Riesz potential of a locally integrable function f on Rn deﬁned by
Uα f (x) =
∫
|x− y|α−n f (y)dy.
We know (see for example Cianchi [6]) that if
∫ | f (y)|p(log(e + | f (y)|))β dy < ∞ for p > 1 and a real number β , then∫ (∣∣Uα f (x)∣∣(log(e + ∣∣Uα f (x)∣∣))β/p)p dx< ∞,
where 1/p = 1/p − α/n > 0. Our aim in this section is to extend this Sobolev’s inequality to functions in Lp(·)(Rn), when
the exponent p(·) satisﬁes p+ < n/α. Let p′(x) denote the Hölder conjugate of p(x), that is,
1/p′(x) = 1− 1/p(x);
further let p(x) denote the Sobolev conjugate of p(x), that is,
1/p(x) = 1/p(x) − α/n.
Let us begin with the following result.
Lemma 3.1. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. Then∫
Rn\B(x,r0)
|x− y|α−n f (y)dy  C
for x ∈ Rn.
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. Then∫
Rn
f (y)p(y) dy  1.
Since p′(y) (p+)′ > n/(n − α), we see that
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Rn\B(x,r0)
|x− y|α−n f (y)dy 
∫
Rn\B(x,r0)







|x− y|(α−n)(p+)′ dy + 1 C,
as required. 
We know the following result borrowed from [28, Lemma 2.9].
Lemma 3.2. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. Then∫
B(x,r0)\B(x,δ)
|x− y|α−n f (y)dy  Cδα−n/p(x)ϕ(1/δ)n/p(x)2
for x ∈ Rn and 0< δ < 1.
By Lemmas 3.1 and 3.2, we can prove the following lemma as in the proof of [28, Theorem 2.8].
Lemma 3.3. If f is a nonnegative measurable function on Rn with ‖ f ‖p(·)  1, then
Uα f (x) C
[
1+ {Mf (x)}p(x)/p(x)ϕ(Mf (x))α/p(x)].
Now we are ready to establish Sobolev’s type inequality as a local version.
Proposition 3.4. Suppose p+ < n/α. Let A > n. If f is a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0

















when A > n.
On the other hand, if |x| 2R0, then
Uα f (x) C |x|α−n
∫
B(0,R0)













Thus the present proposition is proved. 













|y|α−n f (y)dy  C
for x ∈ B(0, R0), so that the conclusion is true for f ′′ = f − f ′ , too.
Lemma 3.6. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. If f = 0 on B(0, R0), then∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x− y|α−n f (y)dy  Cδ−n/p(x)ψ(δ)n/p(x)2 + C Iα f (x)
for x ∈ Rn \ B(0, R0) and δ > e, where




Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0 on B(0, R0).
First consider the case 2|x| δ > e. Then we have∫
Rn\{B(0,|x|/2)∪B(x,δ)}














Here note that{|x− y|ψ(|x− y|)−1/p(x)}p(y)  {C |x− y|ψ(|x− y|)−1/p(x)}p(x)+ω2(|x|)
for y ∈ Rn \ {B(0, |x|/2) ∪ B(x, δ)}. Hence, since α < n/p+ , Lemma 2.1(ii) gives∫
Rn\{B(0,|x|/2)∪B(x,δ)}





|x− y|α−n{|x− y|ψ(|x− y|)−1/p(x)}n(p(x)−1+ω2(|x|))/p(x) f (y)p(y) dy




× {|x− y|ψ(|x− y|)−1/p(x)}nω2(|x|)/p(x) f (y)p(y) dy






here we have used the fact that{
δψ(δ)−1/p(x)
}nω2(|x|)/p(x)  C{δψ(δ)−1/p(x)}nω2(δ/2)/p(x)  Cψ(δ)n/p(x)
when 2|x| δ > e.
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Rn\{B(0,|x|/2)∪B(x,δ)}
|x− y|α−n f (y)dy  C
∫
Rn\B(0,|x|)
|y|α−n f (y)dy = C Iα f (x).
Thus the proof is completed. 
Lemma 3.7. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. If f = 0 on B(0, R0) and Mf (x) 1, then




)α/p(x) + CHα f (x)+ C Iα f (x)
for x ∈ Rn \ B(0, R0), where










|x− y|α−n f (y)dy +
∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x− y|α−n f (y)dy +
∫
B(0,|x|/2)
|x− y|α−n f (y)dy
 CδαMf (x)+ Cδ−n/p(x)ψ(δ)n/p(x)2 + C Iα f (x)+ CHα f (x).
Here, considering δ = Mf (x)−p(x)/nψ(Mf (x)−1)1/p(x) , we ﬁnd







)α/p(x) + CHα f (x)+ C Iα f (x),
as required. 
Lemma 3.8. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f (x) 1 or f (x) = 0 for each x ∈ Rn. If in
addition f = 0 on B(0, R0), then








where g(y) = f (y)p(y) and




























since f (y) f (y)p(y) = g(y) and ∫Rn g(y)dy  1.
Lemma 3.9. Let f be a nonnegative measurable function on Rn such that f < 1 on Rn and f = 0 on B(0, R0). If in addition there
exists δ > 0 such that
Hαp(x)g(x) C |x|−δ for all x ∈ Rn, (3.1)
where C and δ are constants independent of f . If 0< β < n, then







−1)n/p(x)2 + C |x|α−β/p(x).
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Hα f (x) CG1/p(x)α ψ
(|x|)n/p(x)2 + C |x|α−β/p(x).




Hα f (x) CG1/p(x)α ψ
(
G−1α
)n/p(x)2 + C |x|α−β/p(x),
which proves the lemma. 






−1)−A/p(x)2}p(x) dx C .
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0 on B(0, R0). As in the proof of
Theorem 1.1, we write
f = f χ{y: f (y)1} + f χ{y: f (y)<1} = f1 + f2.







p(y) dy  1,




















 C |x|(αp(x)−n)/p0 ,








−1)np0/p(x)2 + C(1+ |x|)α−βp0/p(x).



































−1)−np0/p(x)2}p(x)  C(1+ |x|)(α−βp0/p(x))p(x) + C{|x|γ−n ∫ f (y)p(y)/p0 dy}p0q0 ,
B(0,|x|)
















Further letting βp0 > n, we have∫
Rn
(
1+ |x|)(α−βp0/p(x))p(x) dx< ∞
since α − βp0/p(x) < α − n/p(x) = −n/p(x). Thus the required inequality is proved. 




|y|−γ f (y)p(y) dy.
If Gγ (x) C |x|−δ on Rn for constants δ > 0 and C > 0 independent of f , then
Iα f (x) C |x|α+(γ−n)/p(x)ψ
(|x|)n/p(x)2Gγ (x)1/p(x) + C |x|α−n/p(x)ψ(|x|)n/p(x)2
for x ∈ Rn \ B(0, R0).
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0 on B(0, R0). Suppose x ∈
Rn \ B(0, R0).
























since 0< γ < n − αp+ . Here note that
{|y|(n−γ )/p(x)ψ(|y|)−n/p(x)2}p(y)  C{|y|(n−γ )/p(x)ψ(|y|)−n/p(x)2}p(x)+ω2(|x|)
for |y| |x| R0 and{
Gγ (x)
−1/p(x)}p(y)  C{Gγ (x)−1/p(x)}p(x)+ω2(|x|)
by our assumption. Consequently we ﬁnd





|y|α−n{|y|(n−γ )/p(x)ψ(|y|)−n/p(x)2Gγ (x)−1/p(x)}p(x)−1+ω2(|x|) f (y)p(y) dy




|y|−γ f (y)p(y) dy
 C |x|α+(γ−n)/p(x)ψ(|x|)n/p(x)2Gγ (x)1/p(x)
T. Futamura et al. / J. Math. Anal. Appl. 366 (2010) 391–417 405+ C |x|α+(γ−n)/p(x)ψ(|x|)−n(p(x)−1)/p(x)2{|x|(n−γ )/p(x)Gγ (x)−1/p(x)}ω2(|x|)Gγ (x)1/p(x)
 C |x|α+(γ−n)/p(x)ψ(|x|)n/p(x)2Gγ (x)1/p(x),
since {|x|(n−γ )/p(x)Gγ (x)−1/p(x)}ω2(|x|)  {|x|n/p(x)}ω2(|x|) ψ(|x|)n/p(x) .
In the case Gγ (x) |x|−γ , applying the discussions for the ﬁrst part of this proof, we have
Iα f (x) C |x|α+(γ−n)/p(x)ψ
(|x|)n/p(x)2 |x|−γ /p(x) = C |x|α−n/p(x)ψ(|x|)n/p(x)2 .
Thus the required result follows. 
Lemma 3.12. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. For γ > 0, set











p(x) dx C .
























|y|−γ f (y)p(y) dy
)q0
.















f (y)p(y) dy  C,
as required. 






−1)−A/p(x)2}p(x) dx C .
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1 such that f = 0 on B(0, R0). Take p0 > 1 smaller
than p− and γ > 0 such that
n/p′0 < γ < n − αp+.
We apply Lemma 3.11 with p(x) and ψ(r) replaced by p(x)/p0 and ψ(r)1/p0 to obtain
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(|x|)np0/p(x)2 + C |x|α+(γ−n)p0/p(x)ψ(|x|)np0/p(x)2( ∫
Rn\B(0,|x|)
|y|−γ f (y)p(y)/p0 dy
)p0/p(x)
≡ I1(x) + I2(x)
since
∫
Rn\B(0,|x|) |y|−γ f (y)p(y)/p0 dy  C |x|−γ+n/p
′
















|y|−γ2p0 f (y)p(y) dy
)1/p(x)




|y|−γ2p0 f (y)p(y) dy
)1/p(x)
= C |x|α+(γ2p0−n)/p(x)ψ(|x|)np0/p(x)2( ∫
Rn\B(0,|x|)
|y|−γ2p0 f (y)p(y) dy
)1/p(x)
.




−1)−np0/p(x)2  C |x|α(|x|γ2p0−n ∫
Rn\B(0,|x|)
|y|−γ2p0 f (y)p(y) dy
)1/p(x)
,
which together with Lemma 3.12 yields the required result. 






for all measurable functions f on Rn with ‖ f ‖p(·)  1.










for A > n and f ′ = f χB(0,R0) .










+ C{Mf ′′(x)}p(x)/p(x)ψ(Mf ′′(x)−1)α/p(x) + CHα f ′′(x) + C Iα f ′′(x)





)p(x)/p(x)  C{Mf ′′(x)}p(x)ϕ(Mf ′′(x))−B/p(x) + C{Mf ′′(x)}p(x)ψ(Mf ′′(x)−1)−B/p(x)




)+ C{Hα f ′′(x)ψ(Hα f ′′(x)−1)−A/p(x)2}p(x)
+ C{Iα f ′′(x)ψ(Iα f ′′(x)−1)−A/p(x)2}p(x),








Thus, with the aid of Lemma 3.5, the proof is completed. 
Remark 3.15. Suppose p+ < n/α. If A > n, then
‖Uα f ‖QA(·,·)  C‖ f ‖p(·)
for all f ∈ Lp(·)(Rn), where QA(x, t) =PA(x, t)p(x)/p(x) .
Remark 3.16. Take ω ∈ C∞(R) such that 0ω 1, ω(r) = 0 when r  0 and ω(r) = 1 when r  1/2. Let
p(x) = p0 − a log(e + log(e + |x|))





for x = (x1, . . . , xn), where a > 0. For r > 1, set A(r) = B(0,2r) \ B(0, r). Let
fr(y) = χA(r)(y) ×
{ |y|−n/p0 (yn < 0),
0 (yn  0).
Then { fr} is bounded in Lp(·)(Rn). Noting that





for x ∈ A(r) with 4xn > 3|x| + 1, we see that∫
Rn
Uα f (x)
p(x)(log(1+ Uα f (x)−1))−Kp(x) dx = ∞
if −K + an/p20 > 0. This implies that we cannot take A < n in Theorem 3.14, generally.






for all measurable functions f on Rn with ‖ f ‖p(·)  1.
To show this, we have only to see that




)α/p(x) + CχB(0,R0)(x) + CHα( f χRn\B(0,R0))(x) + C Iα( f χRn\B(0,R0))(x)
for R0 > e; here Hα( f χRn\B(0,R0)) and Iα( f χRn\B(0,R0)) are bounded on Rn .






e + f (y)))β dy < ∞






e + Mf (x)))β dx< ∞. (3.2)
Hence, noting that





)α/p + CχB(0,R0)(x) + CHα( f χRn\B(0,R0))(x) + C Iα( f χRn\B(0,R0))(x)







e + Uα f (x)
))β/p)p
dx< ∞, (3.3)
where 1/p = 1/p − α/n > 0.
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We know that if
∫ | f (y)|p dy < ∞, then∫
|x|−αp∣∣Uα f (x)∣∣p dx< ∞;
see Stein [35].
In this section we show the following Hardy type inequality, as an extension of Samko [32].
Theorem 4.1. Suppose p+ < n/α. If f is a nonnegative measurable function on Rn with ‖ f ‖p(·)  1, then∫
PA
(
x, Vα f (x)
)
dx C
for A > n, where Vα f (x) = |x|−αUα f (x).
Remark 4.2. Suppose p+ < n/α. If A > n, then
‖Vα f ‖PA(·,·)  C‖ f ‖p(·)
for all f ∈ Lp(·)(Rn).
To prove Theorem 4.1, note that
Uα f (x) =
∫
B(x,2|x|)
|x− y|α−n f (y)dy +
∫
Rn\B(x,2|x|)
|x− y|α−n f (y)dy
 C |x|αMf (x) +
∫
Rn\B(x,2|x|)
|x− y|α−n f (y)dy,
so that
Vα f (x) CMf (x) + |x|−α
∫
Rn\B(x,2|x|)
|x− y|α−n f (y)dy.
Set
Jα f (x) = |x|−α
∫
Rn\B(x,2|x|)
|x− y|α−n f (y)dy.
Here we need the next technical lemma.
Lemma 4.3. For a > 0, set
γ (t) = ω(t) log(1/r)+ a log(1/t),
where ω(r) = logϕ(1/r)/ log(1/r). Then there exists 0< t0 < 1/e such that
γ (t) γ (r) when r < t < t0.
Proof. Fix 0< r < 1/e. Set γ0(t) = log(1/r) logϕ(1/r)/ log(1/t) + a log(1/t) and A = {(log(1/r) logϕ(1/r))/a}1/2. Since γ0(t)
is nonincreasing on (0, e−A], we have
γ (t) γ0(t) γ0(r) = γ (r)
for r < t  e−A .
If e−A < t < t0, then


















log(1/r) a log(1/r) γ (r)
when 0< r < t0. Thus the proof is completed. 
Lemma 4.4. Let 0< γ < n − αp+ . If f is a nonnegative measurable function on Rn with ‖ f ‖p(·)  1, then
Jα f (x) C |x|(γ−n)/p(x)ϕ
(
1/|x|)n/p(x)2{1+ Gγ (x)1/p(x)}




|y|−γ f (y)p(y) dy.
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. Set∫
Rn\B(x,2|x|)









|x− y|α−n f (y)dy.
First we see from Lemma 3.1 that
U1(x) C .












|x− y|α−n f (y)
(
f (y)
|x− y|(γ−n)/p(x)ϕ(1/|x− y|)n/p(x)2Gγ (x)1/p(x)
)p(y)−1
dy




|x− y|α−n{|x− y|(n−γ )/p(x)ϕ(1/|x− y|)−n/p(x)2}p(x)−1−ω(|x−y|)
× {Gγ (x)−1/p(x)}p(x)−1−ω(|x−y|) f (y)p(y) dy





× {|x− y|(γ−n)/p(x)Gγ (x)1/p(x)}ω(|x−y|){Gγ (x)}−(p(x)−1)/p(x)|x− y|−γ f (y)p(y) dy




|y|−γ f (y)p(y) dy
 C |x|α+(γ−n)/p(x)ϕ(1/|x|)n/p(x)2Gγ (x)1/p(x),
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|x− y|α+(γ−n)/p(x)ϕ(1/|x− y|)−n(p(x)−1)/p(x)2{|x− y|(γ−n)/p(x)Gγ (x)1/p(x)}ω(|x−y|)
 |x− y|α+(γ−n)/p(x)ϕ(1/|x− y|)−n(p(x)−1)/p(x)2{|x|−n/p(x)}ω(|x−y|)
 C |x|α+(γ−n)/p(x)ϕ(1/|x|)−n(p(x)−1)/p(x)2{|x|−n/p(x)}ω(|x|)
 C |x|α+(γ−n)/p(x)ϕ(1/|x|)n/p(x)2
when |x| < |x− y| < r0 if r0 is suﬃciently small.














































f (y)p(y) dy + C  C,
as required. 
Lemma 4.5 together with Theorem 1.1 gives the next result.








for all nonnegative measurable functions f on Rn with ‖ f ‖p(·)  1.
We note from Lemma 3.11 that if x ∈ Rn \ B(0, R0), then




 C |x|(γ−n)/p(x)ψ(|x|)n/p(x)2Gγ (x)1/p(x) + C |x|−n/p(x)ψ(|x|)n/p(x)2
whenever Gγ (x) =
∫
Rn\B(0,|x|) |y|−γ f (y)p(y) dy  C |x|−δ for some δ > 0 and C > 0 independent of f , where 0< γ < n−αp+ .
Replacing p(x) and ψ(r) by p(x)/p0 and ψ(r)1/p0 with 1 < p0 < min{n/(n − γ ), p−}, and applying the discussions in the
proof of Lemma 3.13, we obtain
Jα f (x) C |x|(γ2p0−n)/p(x)ψ
(|x|)np0/p(x)2( ∫
n
|y|−γ2p0 ∣∣ f (y)∣∣p(y) dy)1/p(x) + C |x|−np0/p(x)ψ(|x|)np0/p(x)2 .
R \B(0,|x|)
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when A > n.
Now Theorem 4.1 follows from Theorem 1.1, Proposition 4.6 and Lemma 4.7.
Theorems 3.14 and 4.1 can be generalized in the following.





− α − β
n
.
If A > n, then∫ (PA(x, |x|−βUα f (x)))q(x)/p(x) dx C
for all measurable functions f on Rn with ‖ f ‖p(·)  1.
Proof. Let 0 < β < α and f be a nonnegative measurable function on Rn with ‖ f ‖p(·)  1. Let x ∈ B(0, R0). Suppose
Mf (x)−p(x)/nϕ(Mf (x))1/p(x)  2|x|. We see from Lemma 3.2 that
|x|−βUα f (x) = |x|−β
∫
B(x,δ)
|x− y|α−n f (y)dy + |x|−β
∫
Rn\B(x,δ)
|x− y|α−n f (y)dy
 Cδα−βMf (x)+ Cδα−β−n/p(x)ϕ(1/δ)n/p(x)2
whenever 0< δ  2|x| 2R0. Letting δ = Mf (x)−p(x)/nϕ(Mf (x))1/p(x) , we obtain





If Mf (x)−p(x)/nϕ(Mf (x))1/p(x) > 2|x|, then
|x|−βUα f (x) = |x|−β
∫
B(x,2|x|)
|x− y|α−n f (y)dy + |x|−β
∫
Rn\B(x,2|x|)
|x− y|α−n f (y)dy




)(α−β)/p(x) + |x|α−β Jα f (x),
so that for all x ∈ B(0, R0)
|x|−βUα f (x) CMf (x)1−(α−β)p(x)/nϕ
(
Mf (x)
)(α−β)/p(x) + |x|α−β Jα f (x).
For 0< γ < n − αp+ , Lemma 4.4 yields
|x|α−β Jα f (x) C |x|α−β+(γ−n)/p(x)ϕ
(
1/|x|)n/p(x)2{1+ Gγ (x)1/p(x)}
when x ∈ B(0, R0). It follows from Lemma 3.12 and Theorem 1.1 that∫
B(0,R0)
(PA(x, |x|−βUα f (x)))q(x)/p(x) dx C
when A > n.
Next, the discussions before Lemma 4.7 imply that
Jα f (x) C |x|(γ−n)/p(x)ψ
(|x|)n/p(x)2Gγ (x)1/p(x) + C |x|−n/p(x)ψ(|x|)n/p(x)2
for x ∈ Rn \ B(0, R0). In view of Lemma 3.12 and Theorem 1.1, we insist that
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Rn\B(0,R0)
(PA(x, |x|−βUα f (x)))q(x)/p(x) dx C
when A > n, as required. 
Remark 4.9. If Theorem 1.1 is true for A = n and a constant ψ , then the conclusion of Theorem 4.8 is written as∫ (|x|−βUα f (x)ϕ(|x|−βUα f (x))−n/p(x)2)q(x) dx C
for all measurable functions f on Rn with ‖ f ‖p(·)  1.
This implies that if
∫ | f (y)|p(log(e + | f (y)|))β dy < ∞ with a real number β , then we can prove∫ {|x|−β ∣∣Uα f (x)∣∣(log(e + |x|−β ∣∣Uα f (x)∣∣))β/p}q dx< ∞,
where 1/q = 1/p − (α − β)/n and 0 β  α < n/p (see Remark 3.17).
Remark 4.10. For a > 0 and p0 > 1, let
p(x) =
{





p0 (xn  0)






1+ f (y)))−an/p0 dy < ∞,
or an/p0 > 1. Set 1/q0 = 1/p0 − (α − β)/n. Theorem 4.8 implies that∫
{x∈B: xn<0}
{|x|−β ∣∣Uα f (x)∣∣(log(e + |x|−β ∣∣Uα f (x)∣∣))−Aa/p20}q0 dx< ∞
for A > n, which is a result weaker than that of Remark 4.9.
5. Trudinger’s inequality




for 0< r  r0; set ω(0) = 0 and ω(r) = ω(r0). Here r0 > 0 is chosen such that ω(r) is nondecreasing on [0,∞).












Following A. Alberico and A. Cianchi [3], we consider a continuous nondecreasing function Φ on (0,∞) such that
Φ(0) = lim
r→+0Φ(r) = 0 and ϕ
∗(r)Φ(r) for r > 1.
Remark 5.1. Let ϕ(r) = (log(e + r))a . Then ϕ∗(∞) = ∞ if and only if a (n − α)/α2. If a < (n − α)/α2, then we can ﬁnd Φ
such that
Φ−1(t) = exp(ctn/(n−α−aα2))− 1
for some c > 0.
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c > 0 such that if b = 0, then
Φ−1(t) = exp(exp(ctn/(n−α)))− e;
and if b = (n − α)/α2, then
Φ−1(t) = exp(exp(exp(ctn/(n−α))))− ee.
Our aim in this section is to establish the following result, which deals with Trudinger’s exponential integrability for
Uα f with f ∈ Lp(·)(B).







whenever f is a nonnegative measurable function on B with ‖ f ‖p(·)  1.
Remark 5.4. If ϕ∗(∞) < ∞ and f ∈ Lp(·)(B), then we know (see [15, Theorem 7.6]) that





whenever x, z ∈ B.
For a proof of Theorem 5.3, we prepare the following lemma.
Lemma 5.5. Let f be a nonnegative measurable function on B with ‖ f ‖p(·)  1. If x ∈ B and 0< δ < 1/2, then∫
B\B(x,δ)
|x− y|α−n f (y)dy  Cϕ∗(1/δ).
Proof. Let f be a nonnegative measurable function on B with ‖ f ‖p(·)  1.
First consider the case δ  ρ(x)/2. For simplicity, set
K (x, y) = |x− y|−ε1ρ(y)−ε2ϕ(ρ(y)−1)−α2/(n−α)ϕ∗(ρ(y)−1)−α/(n−α)








|x− y|α−nK (x, y)dy +
∫
{y∈B\B(x,δ): ρ(y)>δ}






= I11 + I12.
Noting that δ < t  1∫
{y∈B\B(x,δ): ρ(y)=t}



















414 T. Futamura et al. / J. Math. Anal. Appl. 366 (2010) 391–417|x− y|(α−n)/(p(y)−1)+ε1  ∣∣ρ(x) − ρ(y)∣∣(α−n)/(p(y)−1)+ε1






|x− y|(α−n)/(p(y)−1)K (x, y)−1  Cϕ∗(ρ(y)−1)α/(n−α).

















|x− y|α−n f (y)dy.
For this purpose, consider
H(x, y) = |x− y|−ε1ρ(y)−ε2ϕ(δ−1)−α2/(n−α)ϕ∗(δ−1)−α/(n−α)




|x− y|α−nH(x, y)dy +
∫
{y∈B\B(x,δ): ρ(y)δ}






= I21 + I22.
Noting that for δ  t∫
{y∈∂B\B(x,δ): ρ(y)=t}

















|x− y|(α−n)/(p(y)−1)+ε1  δ(α−n)/(p(y)−1)+ε1





for y ∈ B \ B(x, δ) with ρ(y) < δ, we ﬁnd
|x− y|(α−n)/(p(y)−1)H(x, y)−1  Cϕ∗(δ−1)α/(n−α).













Finally consider the case 0< δ < ρ(x)/2. Note that
p(y) n/α +ω(|x− y|)= p1(y)
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B




1+ f (y)p(y)}dy  C .
For simplicity, set









|x− y|α−n J (x, y)dy +
∫
B(x,ρ(x)/2)\B(x,δ)

























|x− y|(α−n)/(p1(y)−1)+α  Cϕ(|x− y|−1)−α2/(n−α),
so that
|x− y|(α−n)/(p1(y)−1) J (x, y)−1  Cϕ∗(|x− y|−1)α/(n−α).













In the second case, applying the discussions for the ﬁrst part of this proof, we have∫
B\B(x,δ)
|x− y|α−n f (y)dy  Cϕ∗(δ−1).
Thus the required result follows. 
Now we are ready to prove Theorem 5.3.
Proof of Theorem 5.3. Let f be a nonnegative measurable function on B with ‖ f ‖p(·)  1. In view of Lemma 5.5, we ﬁnd∫
B
|x− y|α−n f (y)dy =
∫
B(x,δ)
|x− y|α−n f (y)dy +
∫
B\B(x,δ)
|x− y|α−n f (y)dy
 CδαMf (x)+ Cϕ∗(1/δ).
Considering δ = Mf (x)−1/αϕ∗(Mf (x))1/α when Mf (x) is large enough, say Mf (x) R0, we establish by (i) of Lemma 2.1








when Mf (x) R0, so that







































where ω is of the form






when 0 < r  r0. Here a1,a2,b and r0 are taken such that ω is increasing on (0, r0); set ω(r) = ω(r0) when r > r0. In this
case, let
ϕ(t) = eb(log t)a1(log(log t))a2
for t  R0. Then Theorem 5.3 gives the following.






∣∣Uα f (x)∣∣n/(n−α−a1α2)(log(1+ ∣∣Uα f (x)∣∣))a2α2/(n−α−a1α2))− 1}dx 1;








∣∣Uα f (x)∣∣n/(n−α−a2α2)))− e}dx 1;










∣∣Uα f (x)∣∣n/(n−α))))− ee}dx 1,
whenever ‖ f ‖p(·)  1.
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